Algebraic reasoning
Module 5: 
Seeing, noticing and generalising

The Mountain Range Challenge
Acknowledgement
This lesson uses the ideas from Task 179 Unseen Triangles of the Mathematics Task Centre Project.
Materials required
· Matchsticks or toothpicks (if students work alone)
· Pop sticks (if students working in pairs)
· Straws (groups of four on the floor)
· Triangle dot paper
This lesson uses equilateral triangles to model a mountain range.
Introduction
Ask the students to use their sticks to build a mountain which has two sticks on each side.
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Ask them to leave that one on their table and to build another model, this time adding a second mountain that looks the same size but is partly hidden behind the first. Then ask the students to build a third mountain in the range following the same pattern.
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Identifying patterns
Using the triangle dot paper, ask the students to record what they have made so far and then make or draw the next one, making a mountain range with more and more peaks. While they are doing this ask them to look for patterns in the way they are built.
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Forming hypotheses: How many sticks?
On the model on a student’s desk, break the sequence of peaks a little and ask the students to first predict and then check the number of sticks needed to build a mountain range with 5 peaks, 8 peaks, 10 peaks. Encourage students to discuss their answers.
If I tell you any number of peaks in the mountain range, can you tell me how many sticks will be needed to build a model of it?
More importantly can you tell me how you work out the number of sticks needed?
Allow time for the students to discuss this. Then ask for responses and record them on the board. Usually several different strategies will emerge.
Equivalent Expressions
Laura’s strategy
I look at it from the right hand end. Each peak shows four sticks and then there are two extra pop sticks in the triangle on the left end. So you tell me the peaks and I multiply that by four and add two.
Danielle’s strategy
I see it as making a new 6 stick triangle each time and placing it on top of the one before but just moved along a bit. Then I throw away the two pop sticks I don’t need each time. So you tell me the peaks and I multiply by six. Then take off 1 from the peak number, because there is one complete 6 stick triangle, and times that by two. Then I take those two numbers away.
Greg’s strategy
If you tell me the number of peaks I know the first one takes 6 pop sticks. The rest take four each. So I take one off the number you told me and times that by four. Adding on the six gives me the total number of sticks.
Steve’s strategy
I see the mountain range in three bits. There are twice the number of sticks in the peak part as the number of mountains. There is one more stick than the number of mountains in the body of the mountain and there is one more than the number of mountains in the foot of the mountains. So when you tell me the number of mountains I double the number then I add one more than the number of mountains to it twice.
It is a good idea to ask the students to demonstrate why their method works by showing you on their model.
If at least three strategies for seeing the pattern don’t develop, introduce a new one from a previous class. 
Testing hypotheses and generalising the solution
Ask the class to copy these generalisations, and ask them to check that each one works for 5, 8 and 10 peaks (substitution). 
This is a great opportunity to use the question “Can I check this another way?”
Ask students to choose the strategy they find the easiest to use, to work out the number of sticks for 50, 100 and 1000 peaks.
Simplification of equivalent expressions
Translate each of the strategies above into algebraic expressions, where p represents the number of mountain peaks and n represents the number of popsticks.
Laura:	n = 4  p + 2
Danielle:	n = 6  p – 2(p – 1)
Greg:	n = 6 + 4(p – 1)
Steve:	n = 2p + 2(p + 1)
While it is true that each of these simplifies to the same expression, it is important to realise that the simpler form does not come directly from each visualisation. Encourage students to tell you about the equivalence of these expressions by setting challenges like:
We agree that all these rules give the same answer, but they look different. Can you see any way of changing one into the other?
Solution of equations
Offer students some backwards questions: How many peaks could I build if I had 82 or 158 or 1002 sticks?
Graphing of linear functions
Make a table of values
	Peaks
	Pop sticks

	1
	6

	2
	10

	3
	14

	4
	18

	5
	22



Represent these ordered pairs on a graph and note that the points appear to lie on a straight line. Also note that it does not make sense to join the points because the task is about making whole peaks from whole pop sticks. This is an introduction to the mathematical concepts of domain and range. (Alternatively students could be graphing by identifying the gradient and y-intercept)
Conclusion
Introduce the worksheet and ask students to work through it (this could be a homework activity)
Extensions
Form mountain ranges in different ways (such as three pop sticks per side) and investigate what changes and what stays the same and why this is the case.


The Mountain Range Challenge Worksheet
You may find it useful to have some triangle dot paper when completing this worksheet.
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1.	Complete the following table:
	Triangles
	1
	2
	3
	4
	10

	Pop sticks
	
	
	
	
	



2.	Complete these additional parts of the table:
	Triangles
	1
	2
	3
	4
	10
	100
	
	
	
	n

	Pop sticks
	
	
	
	
	
	
	34
	50
	102
	



	As soon as someone tells you the number of triangles, can you tell how many matches are needed to make it? How could you write this down for someone else to see and use your method?





3.	Can you calculate the number of triangles if you are given the number of matches? Explain how you would do it.





4.	If you are asked to make a slightly different pattern with pop sticks, like the one below, can you predict the number of pop sticks to make 10 mountain peaks? Show how you worked it out.
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